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1 SVM and Optimal separating hyperplane

Given that the training dataset S is of the form S = {(xi, yi)} where xi ∈ Rd are the feature vectors and
yi ∈ {−1,+1} are the labels for the ith data point. We have looked at perceptron algorithm for finding
one of the separating hyperplanes where we kept track of ||w||22 and wTw∗ to prove the convergence.
Here, w∗ is the optimal separating hyperplane.

To define the notion of optimal hyperplane, we first define the notion of margin. The distance of the
hyperplane from the closest point in the dataset S is defined as the margin of the hyperplane. Now the
optimal separating hyperplane is that hyperplane which has the maximum margin.

wTx = 0

x0

w

As can be seen from the above figure, the distance of any point x0 from hyperplane wTx = 0 is

equal to the projection of the point x0 onto w which is given by
|xT0 w|
||w||

=
|wTx0|
||w||

. The margin of the

hyperplane can now be written as M = minx∈S
|xTw|
||w||

. The objective for finding the optimal hyperplane

can hence be written as

max
w

min
x∈S

|xTw|
||w||

s.t. ∀x ∈ S, sign(wTx) = label(x)

This objective can equivalently be written as

max
w

min
x∈S

|xTw|
||w||

s.t. ∀x ∈ S, label(x).xTw ≥ 1 (1)

1.1 A New Program

Consider a new optimization program given by

min
w
||w||22 s.t. label(x).xTw ≥ 1 (2)

We now show that this new optimization is equivalent to the earlier formulation in equation (1)

1



1.2 Proof of Equivalence

Let w∗ be the optimal separating hyperplane given by equation (1) and γ∗ be the optimal margin.
Hence,

γ∗ = min
x∈S

label(x).xTw∗

||w∗||

=⇒ ∀x ∈ S, label(x).xTw∗

||w∗||
≥ γ∗

Let w0 =
w∗

γ∗||w∗||
. This implies that ∀x ∈ S, label(x).xTw0 ≥ 1

Now suppose w′ is the solution of program (2). Since w0 satisfies the constraints of this program,
we can write

||w′|| ≤ ||w0||︸ ︷︷ ︸
a

=
||w∗||
γ∗||w∗||

=
1

γ∗

=⇒ γ∗ ≤ 1

||w′||
≤ label(x).xTw′

||w′||︸ ︷︷ ︸
b

∀x ∈ S

=⇒ min
x∈S

label(x).xTw′

||w′||
≥ γ∗ (3)

where (a) comes from the optimality of w′ and (b) comes from the constraint satisfaction for w′ from
equation (2). Notice that the left term in equation (3) is the margin for w′. Hence,

margin for w′ ≥ optimal margin γ∗

This can only happen when w′ = w∗. Hence, w′ is the optimal separating hyperplane. This proves the
equivalence of the new formulation in equation (2) to the optimization in equation (1). This equivalence
motivates us to track ||w||22 while proving the convergence of the perceptron algorithms. Note that the
formulation in equation (2) is the optimization solved for Support Vector Machine (SVM) when the
feature vectors are linearly separable.

2 Basics of Linear Algebra, Calculus, Convexity

A vector x ∈ Rd shall refer to a column vector whereas the transpose of a vector, xT , is used to
represent a row vector. Given a set of vectors x1,x2,x3, . . . ,xk ∈ Rn and a corresponding set of scalars
c1, c2, c3, . . . , ck ∈ R, we have the following definitions (2.1-2.4):

2.1 Linear Combination

Linear combination of a set of vectors is defined as:

x =

k∑
i=1

cixi
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X

Y

A

B

For example, the linear combination of the above two vectors A and B can generate any vector in the
X-Y plane.

2.2 Conical Combination

Conical combination of vectors is defined as:

x =

k∑
i=1

cixi where ∀i, ci ≥ 0

AB

For example, the conical combination of the above two vectors A and B can generate any vector in
the dotted region.

2.3 Affine Combination

Affine combination of vectors is defined as:

x =

k∑
i=1

cixi where

k∑
i=1

ci = 1

•Y

•X
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For example, the affine combination of the above two vectors X and Y generates all the points along
the line joining X and Y .

2.4 Convex Combination

Convex combination of vectors is defined as:

x =

k∑
i=1

cixi where ∀i, ci ≥ 0 and

k∑
i=1

ci = 1

•X

•Y

For example, the convex combination of the above two vectors X and Y generates all the points along
the line segment joining X and Y .

2.5 Inner Product

Given two vectors x,y ∈ Rn, inner product of two vectors is defined as:

〈x,y〉 = xTy =

n∑
i=1

xiyi = ‖x‖‖y‖ cos θ

2.5.1 Properties of Inner Product

• Positivity: 〈x,x〉 ≥ 0, equality iff x = 0

• Symmetry: 〈x,y〉 = 〈y,x〉

• Homogeneity: 〈cx,y〉 = c〈x,y〉

2.6 Norm of Vector Space

Norm of a vector is defined as a function, ‖.‖ : Rn −→ R

2.6.1 Properties of Norm

• Positivity: ‖x‖ ≥ 0

• Homogenity: ‖cx‖ = c‖x‖

• Triangle Equality: ‖x + y‖ ≤ ‖x‖+ ‖y‖

2.6.2 Types of Norms

For a vector x ∈ Rn

l1 norm: ‖x‖1 , |x1|+ |x2|+ |x3|+ . . .+ |xn|

l2 norm: ‖x‖2 ,
√
x21 + x22 + x23 + . . .+ x2n

lp norm: ‖x‖p , (|x1|p + |x2|p + |x3|p + . . .+ |xn|p)1/p

l∞ norm or ∞ norm: ‖x‖∞ , max
i
|xi|
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2.7 Cauchy-Schwartz Inequality

For any two vectors x,y ∈ Rn

|〈x,y〉| ≤ ‖x‖2‖y‖2

(

n∑
i=1

xiyi)
2 ≤ (

n∑
i=1

x2i )(

n∑
i=1

y2i )

2.8 Eigenvectors and Eigenvalues

Let A ∈ Rn×n be a square matrix. If ∃ x ∈ Rn such that:

Ax = λx (4)

then, x is known as the eigenvector and λ is known as the corresponding eigenvalue.

Further, suppose x,y are the two eigenvectors with the same eigenvalue, λ, then any linear combi-
nation of x,y is also an eigenvector with the same eigenvalue, λ.
Proof:

A(c1x + c2y) = c1Ax + c2Ay = c1λx + c2λy = λ(c1x + c2y)

Thus, the set of eigenvectors with same eigenvalues is closed under linear combination.

2.8.1 Finding Eigenvectors and Eigenvalues

On re-arranging the equation (4) above, we get:

(A− λI)x = 0 =⇒ det(A− λI) = 0

The last step follows from the fact that x is a non-zero vector, implying that the matrix (A − λI) has
to be a rank-deficient matrix and hence singular (determinant of a singular matrix is zero). The last
equation is also known as the characteristic polynomial of the matrix and the roots of this polynomial
are the eigenvalues of interest. The corresponding eigenvectors can be obtained by solving the above
system of linear equations.

2.8.2 Properties of Real Symmetric Matrices

• All eigenvalues are real.

• Eigenvectors corresponding to distinct eigenvalues are mutually orthogonal.

2.9 Norms of Matrices

2.9.1 Induced Norm

Induced norm of a matrix is defined as a function, ‖.‖ : Rm×n −→ R:

‖A‖ = max
x
‖Ax‖ s.t. ‖x‖ = 1

For example, the l2 induced norm can be written as

‖A‖2 = max
x
‖Ax‖2 s.t. ‖x‖2 = 1

‖A‖2 =

{
maxλ∈Eigen Values(A) |λ| if A is square
maxσ∈Singular Values(A) |σ| otherwise
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2.9.2 Frobenius Norm

‖A‖F , (
∑
i

∑
j

a2ij)
1/2

2.10 Positive Definite and Semi-definite Matrices

A square matrix A is called a positive definite(semi-definite) if any of the following is true :

• All its eigenvalues are > 0(≥ 0)

• ∀x ∈ Rn,xTAx > 0(≥ 0)

Similar notions of negative definite and negative semi-definite are defined i.e. if A is a positive
definite(semi-definite) then -A is negative definite(semi-definite). Matrices which do not lie in any of
these categories also exist which are called indefinite matrices. To avoid redundancy, from here on we
will talk about only positive definite/semi-definite matrices unless specially attention is required to the
other two types.

Determining whether a matrix is a positive definite or not is computationally expensive. Apart from
trying to use the above two conditions to prove something is positive definite/semi-definite or not, we
have another test known as Sylvester’s Criterion.

2.10.1 Sylvester’s Criterion

Consider a matrix A ∈ Rn×n. Also, consider the following defintions:

Minor of a matrix: A minor of order k is the determinant of a k × k square matrix obtained by
removing columns and rows from the original matrix.

Principal Minor: A principal minor of order k is the determinant of a k×k square matrix obtained
by removing columns and rows with same index number from the original matrix. We will use Pk to
denote a principal minor of order k

a11 a12 . . . a16

a21 a22
...

...
... a33 a34 a35

a43 a44 a45

a53 a54 a55

a61 . . . a66

An example of principal minor for a 6×6 matrix with S = {3, 4, 5} being the selected rows and columns.

Leading Principal Minor: A leading principal minor of order k is the determinant of a k × k
square matrix obtained by removing the last n− k columns and rows from the original matrix. We will
use LPk to denote a principal minor of order k
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a11 a12 . . . a1n

a21 a22 . . . a2n
...

...
. . .

...

an1 . . . . . . ann

Leading principal minors with S = {1}, S = {1, 2}, S = {1, 2, 3} being the indices selected.

• A is positive definite ⇐⇒ LPk > 0 for all leading principal minors.

• A is negative definite ⇐⇒ (−1)kLPk < 0 for all leading principal minors.

• A is positive semi-definite ⇐⇒ Pk ≥ 0 for all principal minors.

• A is negative semi-definite ⇐⇒ (−1)kPk > 0 for all principal minors.

For example, consider a 2× 2 matrix A =

a b

b c

, then

• A is positive definite if LP1 = a > 0 and LP2 = ac− b2 > 0

• A is positive semi-definite if P1 = a ≥ 0 and P1 = c ≥ 0 and P2 = ac− b2 ≥ 0

• Note that the leading principals and principal minors test is defined only for symmetric matrices.
For asymmetric matrices, we need to check for the condition ∀x ∈ Rn,xTAx ≥ 0 (PSD).

2.11 Quadratic Form

An expression is said to be in “quadratic form” if it is in the following form:

xTAx

Here without loss of generality, we can assume that A is symmetric since if it is not, then we can always
obtain a symmetric matrix A◦ = (A + AT )/2 s.t.:

xTA◦x = xT
(
A + AT

2

)
x = xT

A

2
x + xT

AT

2
x = xTAx

The last step holds, since the two quantities are scalar and transpose of each other, thus, the same
quantity.
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