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1 Constrained Optimization for Convex Functions

We have considered optimization problems of the form

min
x∈K

f(x)

Where f is a convex function and K is a convex set. We saw that projected gradient descent converges
and that x(t) is guaranteed to be in K for differentiable convex functions and convex sets. However
when f has nicer properties faster convergence can be achieved and when f is not differentiable, other
algorithms using a different first order oracle may still be used to optimize the functions. In this
lecture we will cover the Frank-Wolfe method, also called conditional gradient descent, for optimizing
smooth, differentiable constrained optimization problems and subgradients for optimizing convex but
non-differentiable functions.

2 The Frank-Wolfe Method

Previously we covered projected gradient descent which can be used to optimize constrained problems.
However it requires a projection at every time step which is itself a least squares optimization problem.
However if f , is smooth, we can reduce the per time step cost to a linear optimization problem.

The idea behind the Frank-Wolfe method as opposed to projected gradient descent is to never leave
K. The update in projected gradient descent can be seen as ”leaving” K by traveling in the negative
gradient direction and then coming back into K via projection.

Figure 1: Schematic showing the iteration of Frank-Wolfe Method

In the Frank-Wolfe method, first the point y(t) is identified which is the furthest from the current
point in the negative gradient direction, and is still in K. Such a point may be found by solving the
following linear optimization problem.
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y(t) = arg min
y∈K

〈∇f(x(t)), y〉

Then a small step is taken towards that point.
So the Frank-Wolfe algorithm becomes

y(t) = arg min
y∈K

〈∇f(x(t)), y〉

x(t+1) = (1− ηt)x(t) + ηty
(t)

2.1 Proof of Convergence

While projected gradient descent can be applied to any convex function, the Frank Wolf method can
only be applied to smooth functions.

Recall that a function is β-smooth if

∀x, y ∈ K, f(y) ≤ f(x)− 〈∇f(x), y − x〉+
β

2
‖y − x‖2

Theorem 1 For a convex, β-smooth function f , and convex set K and step size ηt = 1
1+t , the Frank-

Wolf method has the following convergence property:

f(x(T ))− f(x∗) ≤ βD2 log T

2T

Where D is the diameter of K. D = max
x,y
‖x− y‖

Proof To prove this we will analyze the difference between potentials over consecutive time steps.
Similar to the proof for standard gradient descent we will use the following potential function:

Φt = t(f(x(t))− f(x∗))

Thus the consecutive time step potential difference is:

φt+1 − φt = (t+ 1)(f(x(t+1))− f(x∗))− t(f(x(t))− f(x∗))

= (t+ 1)(f(x(t+1))− f(x(t)))︸ ︷︷ ︸
smoothness

+ f(x(t))− f(x∗)︸ ︷︷ ︸
convexity

f(x(t+1))− f(x(t)) ≤ 〈∇f(x(t)), x(t+1) − x(t)〉+
β

2
‖x(t+1) − x(t)2‖by smoothness

= ηt〈∇f(x(t)), y(t) − x(t)〉+
βη2t
2
‖y(t) − x(t)‖

as we have x(t+1) − x(t) = ηt(y
(t) − x(t))

It follows thus

φt+1 − φt ≤ (t+ 1)(ηt〈∇f(x(t)), y(t) − x(t)〉+
βη2t
2
‖y(t) − x(t)‖)− 〈∇f(x(t)), x∗ − x(t)〉
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Also, we have ‖x∗ − x(t)‖ ≤ D by definition, and y(t) − x(t) ≤ x∗ − x(t),

φt+1 − φt ≤ (t+ 1)(ηt〈∇f(x(t)), x∗ − x(t)〉+
βη2tD

2

2
)− 〈∇f(x(t)), x∗ − x(t)〉

= (t+ 1)

(
1

t+ 1
〈∇f(x(t)), x∗ − x(t)〉+

βD2

2(t+ 1)2

)
− 〈∇f(x(t)), x∗ − x(t)〉

= (((((((((
〈∇f(x(t)), x∗ − x(t)〉 +

βD2

2(t+ 1)
−(((((((((
〈∇f(x(t)), x∗ − x(t)〉

⇒ φt+1 − φt ≤
βD2

2(t+ 1)

We will now take a telescopic sum from t = 0 to t = T − 1,

φT − φ0 ≤
βD2

2

T−1∑
t=0

1

t+ 1

≤ βD2logT

2

As φ0 = 0, we have the final form

φT = T (f(x(T ))− f(x∗)) ≤ βD2logT

2

⇒ f(x(T ))− f(x∗) ≤ βD2logT

2T

3 Constrained Optimization on Convex Functions not differen-
tiable everywhere

We have looked at optimization of objective functions which are nicely behaved in the sense that they
are differentiable everywhere in the convex set defining the constraints. However, optimizing continuous
functions which have points of non-differentiability can utilize the convexity property with the concept
of subgradients. These are essentially the set supporting hyperplanes for which the entire function lies
on one side. This shared property with the tangent plane defined by the gradient of a differentiable
function allows most of the methods we have investigated so far to work for convex non-differentiable
functions.

3.1 Subgradients

We consider the optimization problem:
min
x∈K

f(x)

Where f is a convex function but not differentiable everywhere in K and K is a convex set.

Definition Let f : X → R and X ⊆ Rn

g ∈ Rn is a subgradient of f at x ∈ X if for any y ∈ X , we have

f(y)− f(x) ≥ gT (y − x)

i.e. f(y) ≥ f(x) + gT (y − x)

We denote the set of all possible subgradients at x as ∂f(x)
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Figure 2: Schematic showing a convex function defined by the cut of a conic surface and a hyper-
plane. The third figure from left shows epigraph of f in R3. The last figure shows multiple supporting
hyperplanes of the epigraph, which are also the subgradients of f

It follows from the definition of subgradients, that, for any x ∈ X and g ∈ ∂f(x), f is above the linear
function defined by h(y) = f(x) + gT (y − x).

We will show that a convex function will always allow for the subgradients to exist everywhere.
Specifically, we prove the following three statements next:

Theorem 2 Given f : X → R, and X ⊆ Rn

• If ∀x ∈ X , ∂f(x) 6= ∅ then f is convex

• If f is convex, then ∀x ∈ Int(X ), ∂f(x) 6= ∅

• If f is differentiable at x, then ∂f(x) = {∇f(x)}

Where Int(X ) denotes the interior of X meaning {x : x ∈ X ,∃ε ∀d ∈ Rn x+ d ∈ X} This means that if
you go a small enough distance in any direction from x, you will remain in X
Proof

• Let x, y ∈ X , consider the point z = (1− α)x+ αy with α ∈ (0, 1)
and let g ∈ ∂f(z), we have

f((1− α)x+ αy) ≤ f(x) + gT ((1− α)x+ αy − x)

= f(x)− gT (x− y)α

and

f((1− α)x+ αy) ≤ f(y) + gT ((1− α)x+ αy − y)

= f(y) + gT (x− y)(1− α)

Multiplying the first inequality by (1− α) and the second by α, and adding the two, we get

(α+ 1− α)f((1− α)x+ αy) ≤ (1− α)f(x) + αf(y) + gT ((1− α)α)(x− y)− gT ((1− α)α)(x− y)

= (1− α)f(x) + αf(y)
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• To prove the converse of first statement, we will leverage two concepts, the first that the epigraph
of a convex function is also convex. Secondly, we will use a standard result for convex functions
known as the Supporting Hyperplane Theorem, the statement for which we give below:

Theorem 3 Supporting Hyperplane Theorem : For any convex X ⊆ Rn, let x0
be a point on the boundary of X , then ∃w ∈ Rn, (and w 6= 0), such that ∀x ∈ X :

wTx ≤ wTx0

We will use this theorem for the epigraph of f to prove the existence of subgradients. Consider
the arbitrary boundary point of epigraph of f, epi(f), say (x, f(x)). By supporting hyperplane
theorem, there exists a ∈ Rn and b ∈ R, (a, b) 6= 0, such that the vector (a, b) define a supporting
hyperplane for epi(f) at (x, f(x)). This means that

aTx+ bf(x) ≥ aT y + bt ∀(y, t) ∈ epi(f)

⇒ aT (x− y) ≥ b(t− f(x))

⇒ aT (x− y) ≥ b(f(y)− f(x))

We show that b < 0,

– Case 1: b > 0?
let’s first consider the case b > 0, this would be impossible since the inequality won’t hold for
t → ∞. This can easily happen when f is bounded, consider for example, fixing a point x,
and all the points in epigraph of f (x, t). t can grow unbounded with (x, t) still remaining in
epi(f).

– Case 2: b = 0?
This is not possible either if x ∈ Int(X ). Let us choose y = x+εa, such that ε is small enough
so y ∈ X as well. If b were 0, this would mean:

aTx ≥ aT y
⇒ aTx ≥ aTx+ ε‖a‖2

⇒ ε‖a‖2 ≤ 0

A contradiction, since the full vector (a, b) is non-zero by the Supporting Hyperplane Theorem,
and thus a 6= 0, if b = 0.

Having established that b < 0, we will divide the original inequality by b, giving us:

⇒
(
a

b

)T

(x− y) ≤ f(y)− f(x)

⇒ f(y) ≥ f(x) +

(
− a

b

)T

(y − x)

This means that −a/b ∈ ∂f(x), and ∂f(x) 6= ∅, completing the proof.
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