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1 Conjugate Gradient Descent

Recall that we were talking about the first order algorithm. In particular, in the last class we saw that
we don’t really need gradients, but can get away with using subgradients in specific scenarios. We saw
the center of gravity method, which is slightly different from the other descent methods, in the sense
that the guarantee of convergence depends on n, and is hence not dimension-free.

The method of conjugate gradients works for quadratic functions. Consider the optimization
problem

min f(x) :=
1

2
x>Ax− bx,

where A is a symmetric positive-definite matrix. We use the fact that 〈x, y〉A = x>Ay is a valid inner
product.

We need a set of vectors {p0, p1, . . . , pn−1} that are orthogonal with respect to A. This means for any
i, j ∈ [n− 1], we have 〈pi, pj〉 = 0 if i 6= j. Let’s iteratively minimize the function along these orthogonal
directions. We assume that {p0, p1, . . . , pn−1} is provided to us.

Start with x(0) ∈ Rn. For t ≥ 0, take x(t+1) = arg minx∈x(t)+λpt,λ∈R f(x).

Claim 1 This process will find the exact minimum after n steps.

This is not first order, but we can still simplify it. First note that our iterative definition is equivalent
to

x(t+1) = x(t) − 〈∇f(x(t)), pt〉
pt
‖pt‖2A

.

Claim 2 The definition x(t+1) = arg minx∈x(t)+λpt,λ∈R f(x) is equivalent to

x(t+1) = x(t) − 〈∇f(x(t)), pt〉
pt
‖pt‖2A

.

Proof We start by differentiating f(x+ λpt) with respect to λ, to obtain

〈∇f(x+ λpt), pt〉
(a)
= 〈Ax+Aλpt − b, pt〉
= 〈Ax− b, pt〉+ λ‖pt‖2A
= 〈∇f(x), pt〉+ λ‖pt‖2A, (1)

where, in (a) we substitute ∇f(x) = Ax− b. Setting the RHS in (1) to 0 gives us our λ-value as

λ = −〈∇f(x), pt〉
‖pt‖2A

,

as desired.

Note, that this definition is quite natural as we are moving towards the direction of pt. This is quite
similar to Gradient Descent but with conjugate basis. Next, we will prove our Claim 1.
Proof So our claim will be shown as long as we can show that x(n) = x∗ = A−1b. It suffices to show

〈x(n) − x(0), pt〉A = 〈x∗ − x(0), pt〉A ∀t ∈ {0, 1, . . . , n− 1},
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since these projections being equal in all orthogonal directions implies our desired equality. Observe that

x(n) − x(0) = −
n−1∑
t=0

〈∇f(x(t)), pt〉
pt
‖pt‖2A

.

Plugging this in, checking that most terms disappear, we obtain

〈x(n) − x(0), pt〉A = −〈∇f(x(t)), pt〉
= 〈b−Ax(t), pt〉
= 〈A−1b− x(t), pt〉A
= 〈x∗ − x(t), pt〉A.

We now only have to show that 〈x(t) − x(0), pt〉A = 0 for all t, as then we could just add this vanishing
term and use the linearity of inner products. But this is clear, as

x(t) − x(0) = −
t−1∑
i=0

〈∇f(x(i)), pi〉
pi
‖pi‖2A

,

and so taking the inner product with pt will yield zero, as there is no pt-term that appears in the sum,
and all pi are orthogonal to each other.

So how do we compute these pt’s as we go through the computation? We can first take p0 = ∇f(x(0)).
Furthermore, for each subsequent t, we can do something very similar to the usual Gram-Schmidt
orthogonalization, by setting

pt = ∇f(x(t))− 〈∇f(x(t)), pt−1〉A
pt−1
‖pt−1‖2A

.

The textbook has the argument that we are left with the pt’s orthogonal, and it is a nice and simple
exercise. Also, note that this method is not dimension-free.

2 Accelerated Gradient Descent

Let’s switch gears now a little and talk about the method of acceleration in gradient descent
(Nesterov, 1983). We will prove convergence; note that there is an alternative potential function proof
that is simpler but less intuitive.

For α ≥ β, take an α-strongly convex and β-smooth function f . This means, for all x, y,

f(y) ≥ f(x) + 〈∇f(x), y − x〉+
α

2
‖y − x‖2 (α-strongly convex)

f(y) ≤ f(x) + 〈∇f(x), y − x〉+
β

2
‖y − x‖2 (β-smooth function).

We define the condition number κ = β/α ≥ 1.
Similar to the gradient descent method, we now have the update rule as,

y(t+1) = x(t) − 1

β
∇f(x(t))

and

x(t+1) =

(
1 +

√
κ− 1√
κ+ 1

)
y(t+1) −

√
κ− 1√
κ+ 1

y(t).

An illustrative diagram showing the update rule is given in Figure 2. Note, that xt+1 and yt+1 are
not convex combinations. Based on the above updates, we have the following claim.
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Figure 1: Visualization of the update rule of Accelerated Gradient Descent

Claim 3 Suppose f has condition number κ. Then

f(y(T ))− f(x∗) ≤ α+ β

2
‖x(0) − x∗‖2 exp

(
−T − 1√

κ

)
.

Intuition behind proving Claim 3: The idea of the proof is that we are going to construct a set of
quadratic functions that better and better approximate the function f from below. These play the role
of the potential functions in the alternative proof. Also, note that normal Gradient Descent algorithm

converged at the rate of O(exp(− T
K

)). But, from the Claim 3 we see that Accelerated Gradient Descent

converges at a faster rate.
Define the function Φs for s ≥ 0 by induction as follows.

Φ0(x) = f(x(0)) +
α

2
‖x− x(0)‖2

Φt+1(x) =

(
1− 1√

κ

)
Φt(x) +

1√
κ
f(x(t)) + 〈f(x(t+1)), x− x(t)〉+

α

2
‖x− x(t)‖2.

Note that these functions are all α-strongly convex, and that these are increasingly good approximations
of f from below.

To prove Claim 3, we will first state the following Claims.

Claim 4 We have that,

Φt+1(x) ≤ f(x) + (1− 1√
κ

)t(Φ0(x)− f(x)) (2)

f(y(t)) ≤ min
x∈Rn

Φt(x) (3)

We will proof both the statements of the Claim 3 in the next lecture. For the next section, we will
just assume both the statements of Claim 4 to be true and prove Claim 3.
Proof We are bounding our function from both sides in order to obtain our refined approximation. If
we believe these two conditions stated above (proved in the next class), then the rest of our proof would
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proceed easily. We will have

f(y(t))− f(x∗) ≤ Φt(x
∗)− f(x∗)

≤ f(x∗) +

(
1− 1√

κ

)t−1
(Φ0(x∗)− f(x∗))− f(x∗)

=

(
1− 1√

κ

)t−1 (
f(x(0)) +

α

2
‖x∗ − x(0)‖2 − f(x∗)

)
.

Using smoothness, we get

f(x(0)) ≤ f(x∗) + 〈∇f(x∗), x(0) − x∗〉+
β

2
‖x(0) − x∗‖2.

The middle term is zero, and so we can continue from above by noting that

f(y(t))− f(x∗) ≤
(

1− 1√
κ

)t−1
α+ β

2
‖x(0) − x∗‖2

≤ α+ β

2
‖x(0) − x∗‖2 exp

(
− t− 1√

κ

)
.

In the next lecture we will prove the two statements in Claim 4, that is equation (2) and (3).
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