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1 Karush-Kuhn-Tucker (KKT) Conditions

The KKT conditions are first order conditions which are necessary conditions for optimal solutions in non-
linear programming, provided some regularity conditions are satisfied. The KKT approach generalizes
the method of Langrange multipliers to non-linear programming, as Langrange multipliers only allow
equality constraints.

1.1 Review

In the previous lecture, we described the general form of a constrained optimization problem:

min f(x) (1)

s.t. fi(x) ≤ 0 ∀i = 1, 2.....m (2)

s.t. hi(x) = 0 ∀i = 1, 2....p (3)

fi : Di −→ R Di ⊆ Rn (4)

hi : Ci −→ R Ci ⊆ Rn (5)

We also introduced the method of duals for solving such problems, and discussed Lagrangians, and
the concept of strong and weak duality. We also observed the complementary slackness property that
results from strong duality.

The complementary slackness property tells us that at the primal optima x∗, and the corresponding
dual optima λ∗, we have:

∑
i

λ∗i fi(x
∗) = 0 (6)

if λ∗i > 0 then fi(x
∗) = 0 (7)

if fi(x
∗) < 0 then λ∗i = 0 (8)

where λ∗i is the optimal value of λ for a given constraint fi(x) in the Lagrangian.

1.2 Deriving the KKT conditions

As we saw last time, under strong duality, x∗ minimizes the Lagrangian, L(x, λ∗, υ∗). So we can write
the following:

∇L(x∗, λ∗, υ∗) = 0 (9)

∇f(x∗) +

m∑
i=1

λ∗i∇fi(x∗) +

p∑
i=1

υ∗i∇hi(x∗) = 0 (10)

These conditions are jointly called the KKT conditions:

fi(x
∗) ≤ 0 (Condition 1) (11)

hi(x
∗) = 0 (Condition 2) (12)
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λ∗ ≥ 0 (Condition 3) (13)

λ∗i fi(x
∗) = 0, i = 1, 2 . . .m (Condition 4) (14)

The above equation comes from the complementary slackness.

∇f(x∗) +

m∑
i=1

λ∗i∇fi(x∗) +

p∑
i=1

υ∗i∇hi(x∗) = 0 (Condition 5) (15)

The above equation must be true because the gradient at the optimal point should be zero. All of these
conditions together help in figuring out the optimal point.

1.3 Example

minimize
1

2
xTPx+ qTx+ r (16)

s.t. Ax = b (17)

The above function is a quadratic function with linear constraints. Slater’s condition states that if x
is a feasible point, and both objective function and constraints are convex, then strong duality holds.

If we assume P is a PSD matrix, then Slater’s condition of strong duality is satisfied.
As there is no inequality constraints in this example the primal optimal solution would be (x∗, υ∗).

Now, we will write the KKT conditions:

Condition 2 =⇒ Ax∗ = b (18)

Condition 5 =⇒ Px∗ + q +ATυ∗ = 0 (19)

We can rewrite this as: [
P AT

A 0

] [
x∗

υ∗

]
=

[
−q
b

]
This is a system of linear equations, which can be solved using triangulation or Gaussian elimination.

1.4 Example Linear Programs

1.4.1 Job Scheduling

Let’s assume that n jobs are needed to be assigned to n machines. There is one job per machine. Job
i has processing time cij in machine j. We need to minimize the total processing time. We will use
indicator variable xij ∈ {0, 1} for a job i assigned to machine j. The LP is written below:

min
∑
i,j

cijxij xij ∈ {0, 1} (20)

∑
i

xi,j = 1 ∀j = 1, 2 . . . n (21)∑
j

xi,j = 1 ∀i = 1, 2 . . . n (22)

This is a linear program. Eq. 21 and 22 make sure that one job is assigned to only one machine
and per machine only one job is assigned. As the variables in the program are integers, this is called
an Integer Linear Program. But, assuming 0 ≤ xij ≤ 1 relaxation we can cast the problem into a LP.
Then fraction of a job would be allocated to a machine. The integer linear program we had originally
is NP-hard, however, the relaxed version can be solved in polynomial time, and provides a lower bound
on the optimal solution to the original program.
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1.4.2 Maximum Independent Set

The problem of finding a Maximum Independent Set from graph G = (V,E), is finding a subgraph of G,
where there is no edge between two vertices. We can convert the problem into LP using the following
objective and constraints:

max
∑
v∈V

xv xv ∈ {0, 1} (23)

xu + xv ≤ 1 ∀(u, v) ∈ E (24)

The above program again is a integer linear program. xv = 1 iff v is picked in the independent set.
We can relax the constraint 0 ≤ xu ≤ 1 to obtain fractional solutions.

1.4.3 Revisit Linear Program

Consider the following linear program:

min
x
cTx where c, x ∈ Rn (25)

s.t. Ax ≥ b where A ∈ Rm×n, b ∈ Rm (26)

s.t. x ≥ 0 (27)

This is our primal problem, with n variables, and m constraints.
Since we have only two inequality constraints, the Lagrangian would be:

L(x, λ) = cTx− < λ(1), Ax− b > − < λ(2), x > (28)

= cTx− λ(1)Ax+ (λ(1))T b− (λ(2))Tx (29)

= (λ(1))T b+ (c−ATλ(1) − λ(2))Tx (30)

g(λ) =

{
−∞ when ATλ(1) + λ(2) 6= c

(λ(1))T b when ATλ(1) + λ(2) = c
(31)

Now the dual of the optimization problem would be finding max g(λ), i.e.:

max(λ(1))T b (32)

s.t. ATλ(1) + λ(2) = c (33)

s.t. λ(1) ≥ 0, λ(2) ≥ 0 (34)

We can simplify the constraints by eliminating λ(2), and our dual problem becomes:

max (λ(1))T b (35)

s.t. ATλ(1) ≤ c (36)

s.t. λ(1) ≥ 0 (37)

So, if the primal problem contains n variables and m constraints, then the dual problem would
contain m variables and n constraints.
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1.4.4 Example

Consider the following optimization problem:

min 3x1 + 2x2 (38)

s.t. x1, x2 ≥ 0 (39)

s.t 2x1 + x2 ≥ 5 (40)

s.t x1 + x2 ≥ 3 (41)

If we just add up the two constraints we would get a constraint

3x1 + 2x2 ≥ 8 (42)

Note that the LHS of this inequality is the same as our original objective function. This indicates that a
linear combination of the constraints can create an objective function. In general, we we would multiply
each constraint with a separate variable (z1, z2):

z1(2x1 + x2) ≥ 5z1 (43)

z2(x1 + x2) ≥ 3z2 (44)

Adding these two equations we get:

(2z1 + z2)x1 + (z1 + z2)x2 ≥ 5z1 + 3z2 (45)

Hence, we can extract our dual problem:

max 5z1 + 3z2 (46)

s.t. 2z1 + z2 ≤ 3 (47)

z1 + z2 ≤ 2 (48)

Where the last 2 equations are obtained by comparing coefficients of x1 and x2 in equation 38 and 45.
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