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Lecture 23
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In this lecture, we continue to look at Combinatorial optimization and Submodular optimization. In
discrete optimization, it is often useful to consider a continuous relaxation of the problem. The relaxed
problem can be solved efficiently and an approximate solution to the discrete problem can be obtained
via rounding. We study how to do this using the example of Graph Clustering, Maximum Independent
Set and Submodular function minimization

1 Graph Clustering

Consider a graph G(V,E), specified by its adjacency matrix A. We need to group the vertices into two
clusters of the same size such that we maximize. ie,

max (# of in cluster edges −# of inter cluster edges )

=⇒ max 2 (# of in cluster edges )− |E|

Let A be the adjacency matrix of the graph. Let xv ∈ {+1,−1}n denote the assignment of vertex v to
a cluster. We have:

Ai,jxixj =


+1 if (i, j) ∈ E i, j in same cluster

−1 if (i, j) ∈ E i, j in different cluster

0 if (i, j) /∈ E

The clustering problem can be formulated as:

max
∑
i,j

Ai,jxixj ≡ maxx>Ax

such that
∑
i

xi = 0

x ∈ {+1,−1}n

This formulation’s relaxation will be x ∈ [+1,−1]n. This may not be concave in general. There are a
few approaches to relax this problem so that we can use get a convex problem.

1. Using the graph Laplacian. Let D be the diagonal matrix whose entries are the degrees of the
vertices. The graph Laplacian is defined as L = D−A. We get the following convex optimization
problem:

min
∑
i

Di −
∑
i,j

Ai,jxixj ≡ minx>(D −A)x

such that
∑
i

xi = 0

x ∈ {+1,−1}n

As the graph Laplacian is PSD, this objective is convex when x is relaxed to x ∈ [+1,−1]n. More-
over, it is equivalent to the previous formulation as

∑
iDi is a constant and min−

∑
i,j Ai,jxixj ≡

max
∑
i,j Ai,jxixj .
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2. Using the Outer product. Let xx> = X. Then x>Ax = Trace(Axx>) = Trace(AX). We can
write the optimization problem as:

max
∑
i,j

Trace(AX)

such that X � 0

Xi,i = 1 ∀i∑
j

Xi,j = 0 ∀i

This is semi-definite relaxation of the problem, which is known to give a better approximation than
the previous relaxation. This is because the semi-definite condition X � 0 restricts the feasible
region to a much smaller region.

2 Maximum Independent Set

The straightforward formulation of the Maximum Independent Set problem as an ILP is as follows:

max
∑
v∈V

xv

such that xu + xv ≤ 1 ∀(u, v) ∈ E
xv ∈ {0, 1}n ∀v ∈ V

Consider a clique of the graph C. Any independent set can have at most 1 vertex from this clique. Using
this property, we can add new constraints to the above formulation:

max
∑
v∈V

xv

such that
∑
u∈C

xu ≤ 1 ∀C that is a clique

xv ∈ {0, 1}n ∀v ∈ V

The LP relaxation of the second formulation will give better a approximation to the Maximum Indepen-
dent Set when compared to the first formulation. This is because the second formulation restricts the
feasible region of the solution to a much smaller region.

3 Submodular Function Minimization

A set function f : 2[n] → R is Submodular if the following holds:

f(A) + f(B) ≥ f(A ∪B) + f(A ∩B) ∀A,B ⊂ [n]

This is equivalent to the diminishing returns condition:

f(A ∪ {e})− f(A) ≥ f(B ∪ {e})− f(B) ∀A ⊆ B

Submodular functions can be minimized and maximized. A common example of a submodular function
is the graph cut. Both Min Cut and Max Cut are valid discrete optimization problems. We know that
Min Cut is solvable in polynomial time and Max Cut is NP-Hard. In this lecture, we study Submodular
minimization.
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3.1 Submodular Minimization by Projected Subgradient Descent

The Submodular Minimization problem is discrete. However, we can construct a continuous relaxation
called the Locasz extension. This is also convex, so it can be used to find the exact minimum of the
submodular function. (

Discrete
Submodular

)
Lovasz−−−−−−→

extension

(
Continuous

Convex

)
The Lovasz extension fL : [0, 1]n → R of a submodular function f : 2[n] → R is defined as the
following expectation with respect to a random variable λ that is drawn uniformly from [0, 1].

fL(x) = Eλ∼U [0,1] [f({v : xv > λ})]

For example, let n = 4 and x = (0, 0.25, 0.1, 0.7). First sort x, we get (0, 0.1, 0.25, 0.7). Then, we can
pick sets as follows:

{2, 3, 4} with probability = 0.1− 0 = 0.1

{2, 4} with probability = 0.25− 0.1 = 0.15

{4} with probability = 0.7− 0.25 = 0.45

φ with probability = 1− 0.7 = 0.3

So,
fL((0, 0.25, 0.1, 0.7)) = 0.1f({2, 3, 4}) + 0.15f({2, 4}) + 0.45f({4}) + 0.3f(φ)

In general, we can write:

fL(x) =

n∑
i=0

αif(Si)

where x =

n∑
i=0

αi1Si

n∑
i=0

αi = 1, αi ≥ 0

φ = S0 ⊂ S1 ⊂ S2 ⊂ · · · ⊂ Sn = S

To compute the Lovasz extension at x, first find the permutation π such that x(π(1)) ≥ x(π(2)) ≥ · · · ≥
x(π(n)). The sets S0, S1, . . . , Sn are the prefix sets of π. Assume x(π(0)) = 1 and x(π(n+ 1)) = 0. The
coefficients

αi = x(π(i))− x(π(i+ 1))

fL(x) can be evaluated in time n log n+ n(evaluations of f).
Remark: The function f is submodular if and only if its Lovasz extension fL is convex.

f is submodular ⇐⇒ fL is convex

We can minimize f by minimizing fL.
We can minimize fL(x) by using projected sub-gradient descent.

xt+1 = Π[0,1]n
(
xt − ηg(xt)

)
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The sub-gradient of the Lovasz extension at x is:

g(x) =

n∑
i=1

(f(Si)− f(Si−1)) e(π(i))

e(π(i)) is the vector with 1 at position π(i) and all other elements are 0. The projection is very simple
and can be done coordinate wise:

Π[0,1]n(x)i =


xi 0 ≤ xi ≤ 1

0 xi < 0

1 xi > 1

Let x? be the minimizer of fL(x). We can find the π corresponding to x?. The minimizer of f will be
one of the prefix sets of π.
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