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In this lecture, we will look at Combinatorial Optimization, a topic that aims at finding an optimal
solution among a finite number of objects where exhaustive search is intractable. The first problem we
will look at is the Vertex Cover Problem. We will first introduce the definition of Vertex Cover.

Definition 1 Given a graph G = (V,E), a vertex cover of G is a set of vertices such that every edge in
E is incident to at least one vertex in the set.

The objective of the Vertex Cover Problem is to return a valid vertex cover of minimum size. In order
to solve this problem, we will cast it as an optimization problem. For each vertex v ∈ V , let us define an
indicator {0, 1} variable xv. Now, we can cast the Vertex Cover Problem as the following Integer Linear
Program (ILP):

min
∑
v∈V

xv

subject to xu + xv ≥ 1 ∀(u, v) ∈ E

xv ∈ {0, 1} ∀v ∈ V

The constraint simply implies that for every edge e ∈ E, at least one of the vertices forming that
edge must be in the solution set. Recall that Vertex Cover (Integer Linear Programs in general) is a
NP− Complete problem and hence it is difficult to solve this problem exactly. However, it is possible to
give an approximate solution to the problem. In the first step, we will relax the Integer Linear Program
so that the variables xv belongs to the interval [0, 1] and can take fractional values as well. In that case
the following optimization problem

min
∑
v∈V

xv

subject to xu + xv ≥ 1 ∀(u, v) ∈ E

xv ∈ [0, 1] ∀v ∈ V

is a Linear Program which can be solved in polynomial time. However there are several steps that remain
to show a good solution and prove its goodness.

Rounding: In the solution obtained by solving the Linear program, the variables x?
v can take frac-

tional values in [0, 1] but on the other hand recall that we need the variables xv to be binary in the
original ILP problem. In order to make the variables 0-1, we require a rounding scheme that does not
violate any constraint. A possible rounding scheme is to output the solution set S ≡ {v ∈ V | x?

v ≥ 1
2}.

To show that the rounding scheme is valid and does not violate any constraints, notice that for every
edge (u, v) ∈ E, we have the constraint xu + xv ≥ 1 and therefore at least one of xu, xv must be greater
than 0.5. In that case the value of the variable is rounded to 1 and the constraint remains satisfied
irrespective of the state of the other variable.

Approximation Ratio: Now that we have established that the above rounding scheme is valid, we
need to show how far away the solution obtained by the Rounding scheme is from the optimal solution.
Let us denote by OPTILP the optimum solution of the vertex cover problem and OPTLP to be the optimal
solution of the relaxed Linear Program. We have the following Lemma

Lemma 2 |S|
2 ≤ OPTILP ≤ |S|.
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Proof Since |S| is a feasible solution to the Integer Linear Program, hence the right hand side OPTILP ≤
|S| is trivial. Now notice that

OPTLP =
∑
v∈V

x?
v ≥

∑
v∈S

x?
v ≥

∑
v∈S

1

2
=
|S|
2

Since the Linear Program is a relaxation of the Integer Linear Program, hence

OPTLP ≤ OPTILP.

Putting it all together, we have

|S|
2
≤ OPTLP ≤ OPTILP ≤ |S|.

which proves the lemma. Since Lemma 2 implies OPTILP ≤ |S| ≤ 2OPTILP, we say that S is a

2− approximation to the optimal solution.

Integrality gap: Since the above approach involves a relaxation of an Integer Linear Program, hence
OPTILP

OPTLP
is a natural Lower bound on the approximation ration of a solution found via Linear Programming

and is known as the Integrality Gap. We will show the following Lemma:

Lemma 3 For a graph G = (V,E) such that |V | = n, the integrality gap of the Vertex Cover Problem
OPTILP

OPTLP
is at least 2− 2

n .

Proof Consider a clique described on n nodes i.e. every pair of nodes have an edge. It is obvious that
OPTILP = n − 1 because if we leave out any two vertices from the vertex cover, then the edge joining
those vertices will not be covered. On the other hand x?

v = 0.5 for all vertices v ∈ V is a feasible solution
for the relaxed Linear Program since for every pair of vertices (u, v), we must have x?

v + x?
u = 1 and

therefore all constraints are satisfied. Therefore, it must be the case that OPTLP ≤ n
2 and hence

Integrality Gap =
OPTILP

OPTLP
≥ n− 1

n/2
= 2− 2

n

Remark 4 The integrality gap is less than 2 as was proved in Lemma 2 and therefore the rounding
technique provides a tight solution as far as Linear Programs are concerned. If we go beyond Linear

Programs, then the best known approximation factor for Vertex Cover is 2−O
(

1√
logn

)
.

Discrete Optimization : Consider a collection of N items and a set function f : 2N ⇒ R. We
want to solve the following optimization problem

min
s∈S

f(s) (1)

where S is the set of feasible set solution.
Sub-modular Set Function
It is a set function that has a diminishing return property. For every set A,B with A ⊂ B and every
element e /∈ B we have

f(A ∪ {e})− f(A) ≥ f(B ∪ {e})− f(B) (2)
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Figure 1: Submodular function.

From the above equation (2) we can the infer the fact the increment in the value of the function on
adding an element is more for the smaller set. Or in other words the return decrease with increase of
the set. Due to this property, it is suitable for solving problems in approximation algorithm, network
etc. For example 1

Also we have an equivalent description of the set function for any two set A,B

f(A) + f(B) ≥ f(A ∪B) + f(A ∩B) (3)

Lemma 5 The property of set function described in 2 and 3 are equivalent. Proof (3 ) ⇒ ( 2)
Consider sets A,B with A ⊂ B and element e /∈ B .

f(A ∪ {e}) + f(B) ≥ f(A ∪B ∪ {e}) + f((A ∩B) ∪ {e})
= f(B ∪ {e}) + f(A) as A ⊂ B

⇒ f(A ∪ {e})− f(A) ≥ f(B ∪ {e})− f(B)

(2 ) ⇒ ( 3) Consider the sets A,B and define the set C = A ∩ B(C ⊂ B). Now consider the element
e ∈ A/B

f(C ∪ {e})− f(C) ≥ f(B ∪ {e})− f(B) (4)

⇒f((A ∩B) ∪ {e})− f(A ∩B) ≥ f(B ∪ {e})− f(B) C = A ∩B (5)

⇒f(A ∩B)− f(B) ≤ f((A ∩B) ∪ {e})− f(B ∪ {e}) (6)

Now the above result in equation 6 holds for all element e ∈ A/B; e /∈ B. for the rest of the proof we are
going to use induction method. Lets consider the elements {e1, e2, . . . , ek−1, ek, . . . , } ∈ A/B. Suppose
that condition holds for {e1, e2, . . . , ek−1} ,

f((A ∩B) ∪ {e1, e2, . . . , ek−1})− f(B ∪ {e1, e2, . . . , ek−1}) ≥ f(A ∩B)− f(B) (7)

now we need to prove for the set {e1, e2, . . . , ek−1.ek} and thus hold for all such elements.

f((A ∩B) ∪ {e1, e2, . . . , ek})− f(B ∪ {e1, e2, . . . , ek}) (8)

= f(((A ∩B) ∪ {e1, e2, . . . , ek−1}) ∪ {ek})− f((B ∪ {e1, e2, . . . , ek−1}) ∪ {ek}) (9)

By submodularity property

≥ f((A ∩B) ∪ {e1, e2, . . . , ek−1})− f(B ∪ {e1, e2, . . . , ek−1}) (10)

≥ f(A ∩B)− f(B) (11)

Now taking all the elements in the set A/B,

f((A ∩B) ∪ (A/B))− f(B ∪ (A/B)) ≥ f(A ∩B)− f(B)

⇒ f(A)− f(A ∪B) ≥ f(A ∩B)− f(B)

⇒ f(A) + f(B) ≥ f(A ∪B) + f(A ∩B)
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Figure 2: Diminishing return property of submodular function. Adding X4 to the set {X1∪X2} adds
|P ∪Q| to the function value. However adding X4 to {X1∪X2∪X3} adds only |Q|, thereby diminishing
the return.

Example Consider a function f : 2[n] → N with f(S) = | ∪i∈S Xi|. Refer to the Figure 2. For
S = {2, 3}, f(s) = |X2 ∪X3|. A = {1, 2}, B = {1, 2, 3}, which implies A ⊆ B. Notice in the figure that
adding X4 to the smaller set A has more addition to the value then adding X4 to the larger set B.

Remark 6 When the equation (3) is with equality, then the set function is called modular function and
for ≤ condition it is called super-modular function. All the linear functions are modular function and
vice-versa. For example

f(S) =
∑
e∈S

we we = f({e})

is a linear (modular) function.
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